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Abstract. New exact solutions, nonstationary and stationary, of Veselov- 
Novikov (VN) equation in the forms of linear superpositions of arbitrary number of 
exact special solutions uC n ) , n = 1, . . . , N are constructed via 9-dressing method 
in such a way that the sums u = + . . . + u( km \ 1 ^ ki < < ■ ■ ■ < k m ^ N 

of arbitrary subsets of these solutions are also exact solutions of VN equation. The 
presented linear superpositions include as superpositions of special line solitons 
with zero asymptotic values at infinity and also superpositions of special plane 
wave type singular periodic solutions. By construction these exact solutions 
represent also new exact transparent potentials of 2D stationary Schrodingcr 
equation and can serve as model potentials for electrons in planar structures of 
modern electronics. 



PACS numbers: 02.30.1k, 02.30.Jr, 02.30.Zz, 05.45.Yv 

1. Introduction 

Among different (2+l)-dimensional integrable nonlinear equations [IHS] prominent 
place takes the famous Veselov-Novikov (VN) equation [TUllllj : 

u t + ku zzz + KUgzz + 3n(ud^ 1 u z ) z + 3R(ud z 1 u z ) z = (1.1) 

where w(z, z , t) is scalar function, n is some complex constant; z = x + iy, z = x — iy; 
d~ x and dg 1 are operators inverse to d z and ds, d% X d z — d z 1 d z = 1. 

VN equation can be represented as compatibility condition in the form of 
Manakov's triad [12] : 

[L 1 ,L !i ]=BL ll B = Z(Kd^ 1 u zz +W z l u- zz ) (1.2) 
of two linear auxiliary problems 

LxV= (C- + ^ = 0, (1.3) 

L 2 ^ = {d t + k&1 + ml + 3K(dr 1 Uz )d z + 3K(d z 1 u z )d z )ip = 0. (1.4) 

Several classes of exact solutions of VN equation (|l.ip have been constructed 
in last three decades (1980 - 2010) via different methods [ToTOflljrEM] . see also the 
books [3"|4] . These solutions include finite-zone type solutions [TT] , rationally localized 
solutions [I13ril"Tll2"0"ll2T| or lumps, solutions with functional parameters [TUlfTBl |2"3"1|2"4"] . 
multi-line soliton solutions [22l[24] and so on. Underline that the first auxiliary linear 
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problem (|1.3|) is nothing but the 2D stationary Schrodinger equation so exact solutions 
of VN equation constructed via all 1ST approaches are also transparent potentials of 
this Schrodinger equation. 

Recently in the paper |23j the class of exact solutions with functional parameters 
and constant asymptotic values — e at infinity 

u(z,z,t) = u(z,z,t) - e, u(z, z,t)||*|->-oo -> (1.5) 

of VN equation via (9-dressing method of Zakharov and Manakov [6 -9 has been 
calculated and subclass of multi-line soliton solutions has been presented [23] . 

In another paper [24] (see also [22]) it was established that for some special 
solutions it^ 1 ) and u®, i. e. for special linear (plane) solitons or for special plane 
wave type singular periodic solutions, with zero value E = —2e = of energy level of 
corresponding 2D stationary Schrodinger equation, their sum w 1 ' + is also exact 
solution of VN equation. 

In present paper this result [22j [24] is generalized to the case of linear 
superpositions of arbitrary number of special line solitons (or special plane wave type 
periodic solutions) u^ n \ n = 1, . . . , N in such a way, that the sums of arbitrary subsets 
of these solutions 

u = u {kl) + ... + u (km) , 1 < ki < k 2 < ... < k m < N (1.6) 

are also exact solutions of VN equation 

For convenience here some useful formulas of 9-dressing method for VN equation 
p.ip [3,4, 20-24] are presented. Central object of this method is the scalar wave 
function %(A; z, z, t) 

X (A; z, z, t) = e-^'^^z, z, t), F(A; z, z,t) = i [Xz - ^z + (kA 3 - K^)t] (1.7) 

which satisfies to corresponding 9-problem or equivalently to following singular 
integral equation: 

X (A) = 1 + J J 27n(A , _ A) J J x(v,m(^WA\XWActp. (1.8) 

c c 

Here canonical normalization x Xoa = 1 as A — > oo of wave function is assumed 
and the kernel R is given by the formula [41 I22TI24] 

R(H,Ji;\,\;z,z,t) = R (^Jl; X,X)e F ^ z ^- F ^ z ^\ (1.9) 

Solutions u(z,z,t) of VN equation are expressed via reconstruction formulas 
HHDHH]: 

u = -e + iexi z = -e - ix-iz (1-10) 
through the coefficients xi and X-i °f Taylor's series 

X = Xo + X1A + X2A 2 + x = Xoo + + ^0- + ■ ■ ■ (1.11) 

expansions in the neighborhoods of points A = and A = 00 of complex plane C. 
In constructing of exact solutions u of VN equation (jl.l[) two conditions must be 
satisfied 4,20 24 : the condition of potentiality of operator L\, or the absence in the 
first auxiliary linear problem (|1.3[) of the terms with first derivatives u\d z and U2dg, 
and the condition of reality u = u of solutions. 

The potentiality condition on operator L\ in (| 1 . 3[) . or equivalently in terms of 
wave function \ the condition xo — 1 [4 , 20 -24, , imposes severe restrictions on the 
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kernel Rq of 9-problem. The condition of reality of solutions u = u leads to another 
following restriction on the kernel Rq [20H24] : 

* taB ^-w4^*(-r-H-i;)' <L12) 

this restriction was obtained in the limit of "weak" fields. Both conditions were 
successfully applied in calculations of broad classes of exact solutions of VN equation 
such as lumps [20,21 , solutions with functional parameters, multi-line solitons 
and plane wave type singular periodic solutions [2"2"H2"4] . 

In the present note we do not use the limit of weak fields and impose the 
reality condition u = u directly to calculated complex solutions satisfying only to 
potentiality condition. This approach makes it possible to receive besides multi-line 
soliton solutions also plane wave type singular periodic solutions (this was shown at 
first in [22" l l24 | ) and their's superpositions. 

By the application of 9-dressing in the special limit of zero energy level we obtain 
in present paper new exact solutions, nonstationary and stationary, of VN equation in 
the forms of linear superpositions of special line solitons and also linear superpositions 
of special plane wave type singular periodic solutions. By construction these exact 
solutions represent also new exact transparent potentials of 2D stationary Schrodinger 
equation and can find an applications as model potentials for electrons in planar 
structures of modern electronics. 



2. Nonlinear superpositions of complex solutions of VN equation 

The choice of delta-functional kernel 

iJoO*, W A, A) = 7T ~ M„)5(A - A„) (2.1) 

n 

with complex constant coefficients A n and complex discrete spectral parameters 
M n ^ A n leads to simple determinant formula [22,24 

u = -e+^-_lndetA, A lk = S lk + Jl^^-F^) (22) 

for exact multi-line soliton and plane wave type singular periodic solutions of VN 
equation. The main problem in using this formula is satisfaction to reality and 
potentiality conditions. 

It was shown in [221124! that the choice of kernel Rq (|2.1j) in the form 

JV 

Rq(^, A*! A, A) = 7T ^ [ a "A„(5(/i - /i„)<5(A - A n ) + a n ^i n 5{^ + X n )S(\ + fi n ) (2.3) 
n=l 

of N paired terms with discrete spectral parameters (/i n ,A n ) allows to satisfy the 
potentiality condition Xo = 1- In the simplest cases N = 1, 2 one obtains from (|2.1j) - 
(j2~3")l the following expressions for det A [2"2"ll2"4"] : 

AT=l:det^ = (l + sie AjF( ^^ Al) ) 2 , (2.4) 

N = 2 : det A = (l + Sl e AF( -^ x ^ + Sn e AF ^' X ^ + we ±F{nM)+±FU*n,K) j 2 . ( 2 . 5 ) 

Here, in (|2.3I) - (|2.5p a„, /i„, A„ (n = 1, . . . ,N) are some complex constants; [i n and 
A„ also known as discrete spectral parameters which give spectral characterization for 



corresponding exact solutions. The quantities s n , w and AF(/i„, A„) are given by the 
formulas: 

s n ■= ia / n+ _\ n - AF((i n , A„) := F(fi n ) - F(X n ), (2.6) 

(Ai - A„)(A„ + - /i„)(Ai + (in) 
w := SiS n ■ — — v ■ -r- r. (2.7) 

(Ai + A„)(A„ - (J.l)((il + (ln)(M - (In) 

The expression for det A in the case N — 2 (|2.5[) is generated by two pairs of terms in 
(|2.3[) with discrete spectral variables (/Lti,Ai) and (fi„,\ n ). 

The formula for generally complex solution corresponding to one arbitrary pair 
(/^m, A m ), (m = 1, . . . , N) of discrete spectral variables due to (|2.1[) - (|2.4[) and (|2.6[) 
has the form: 

= - + " M (^M) = -e-e 2S -^ ^ eAF[ , M)2 - (2-8) 

pm^m \ L ^m e ^ ' ,) 

It is remarkable that for w — sis n in (12.51) for case N = 2 of two pairs of terms in 
(|2.3p with spectral variables ((i\, Ai) and (^„, A„), (n = 2, . . . , AT), i. e. for the choice 

(Ai - A»)(A„ + MiKmi - /%)(Ai + Mn) = 1 
(Ai + A„)(A„-/ii)(/zi + /i„)(Ai -fi n ) 
which is equivalent to relation 

(Ai - (ii)(X n - /x n )(Ai/ii + X n (i n ) = 0, n^l, (2.10) 
the expression for det A (|2.5[) greatly simplifies 

det A = (l + Sl e AF ^< A i)) 2 (l + Sn e AF ^> A ">) 2 . (2.11) 

The solutions /ii = Ai and (i n = A„ of (|2. 10|1 correspond to lumps (rationally 
decreasing at infinity exact solutions u (2Ql[21] of VN equation) and in accordance 
with M n ^ A„ in ()2.1j) will not be considered here, so it is assumed below that 
Mm 7^ A m in (|2.3p for all terms m — 1, . . . , N with discrete spectral variables (i m , A m . 
Under this requirement the relations (|2.9[) . (|2 . 10[) reduce to more simple ones: 

\n(in + Ai/xi = 0, n = 2,...,AT. (2.12) 

An application of general formulas (|2.1I) - (|2.5I) in the case N = 2 due to (12. 9|) or 
(|2. 12|) leads to very simple expression for complex solution of VN equation 

all, — \ \ 2 e AF(ft m ,\ m ) 

u(z, z, t) = — e — 2e > -r-pr, ; — tttt (2.13) 

OT=1 n H"in A m I 1 T * m e 

which is nonlinear superposition u = e + i/ 1 ) + of two solutions and u( n ) of 
the type (12.8[) with corresponding pairs of spectral variables (/ii, Ai) and (p n , A„). Up 
to the constant e the solution (|2.13l) is the sum of complex solutions itW and it(") . 
It is easy to prove also that nonlinear superposition 

N ( — \ \ 2 „AF(^i,Ai) 

u(z,z,t) = - e + fi« (*,*,«) + £ «<">>(*,*) = -6-26 lU ^ Ai lj (1 + ; ieAF(Ml ,, l))2 



iV « („ — \ \ 2 



.,„,,,„ gAF((i m ,A m ) 

^mAm " (1 + Sm e A *V"^)) 2 (2 ' 14) 
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of arbitrary number N 2 of complex solutions, solution u^(z, z, t) = — e + 
u^(z,z,t) and N - 1 ^ 1 solutions it(" l )(z,z) = -e + u^ m \z, z), m = 2,...,N 
of the type (|2.8I) is also exact solution of VN equation, when conditions (|2.12[) are 
fulfilled and parameters /ii and Ai are satisfied to additional restriction 

e 3 

kA?-k^t = 0. (2.15) 
Mi 

Due to conditions ([2~T2"]l . (|^7T5|> the phases A_F(// m ,A OT ) (|2l)l) in ([2TT41 take the 
forms: 

,-3 



ipi(z,z,t) := AF(/ii, Ai) = 



<^ m (z, z) := AF(p m , A m ) = i 



(/xi - Ai)z - ( - ) z - 2 ( kA 3 - k— 



(2.16) 



A, 



A?, 

2,..., TV. (2.17) 

These expressions (|2.16j) and (|2.17|) mean that the first complex solution vS x \z, z, t) — 
—e + iS 1 ^ (z, z, t) of superposition ()2. 14|) propagates with nonzero velocity in the plane 
(x, y) but all other complex solutions u^(z, z) = — e + u^ m '(z, I), (m = 2, . . . , N) of 
superposition (|2 . 14[) with N 2 are fixed in the plane (x, y) stationary solutions of 
VN equation (JTTTJ. 

One can prove also that every subsum of arbitrary terms l^i<i + l<...< 
j - 1 < j : sC N of sum (l2~T4l) 



E 



(2.18) 



under conditions (|2.12[) and (|2.15|) is exact solution of VN equation. Complex solutions 
of VN equation given by (|2~T8)) due to (|2~T4|) and ([2~T6]> . (|2"TT?|) can be divided on two 
classes: the class of nonstationary solutions with i ^ 1 and class of stationary solutions 
with i ^ 2. 



3. Linear superpositions of line soliton solutions for Veselov-Novikov 
equation 

For construction of real multi-line solitons via (|2.2[) besides potentiality condition 
satisfied by the kernel Rq of the type (12. 3|) the reality condition u = u for solutions u 
must be fulfilled. This can be done choosing appropriately complex constants a n and 
complex discrete spectral parameters (/z„, A„) in (|2.3p - (I2.18[) by several ways [2"2l2"3] . 
For example, by imposing reality condition u = u on complex solutions (|2.8[) . (|2.13[) . 
(|2.14| and (|2.18|) with additional assumption of real phases AF(/i„, A n ) = AF(/x n , A n ) 
(|2.6j) we have calculated real multi-line soliton solutions. 

It was shown in the papers 1221124] that to such real solutions u leads the following 
choice of parameters 

a n = -a n := m n0 , jtx„ = -=^, n = 1, . ..,JV (3.1) 

An 

with real constants a n o- Due to (|3 . 1 () and under additional assumption of positive 
values of real constants s n given by (|2.6|) 

«„ = a„o = e 00 " > 0, n = 1, . . . , N (3.2) 



G 

the solution (|2.8p corresponding to one arbitrary pair (fi n , A„), (n = 1, ...,JV) of 
discrete spectral variables takes the form of real nonsingular one-line soliton solution: 

« W (x, y, t) = -e + « (n) 2/, *) = -£+ |A " ~ Mnl ' . (3.3) 

V W V ' 2 COSh fn(X,V,t)+<t>On V ' 

where real phases <p n (x,y,t) := AF(/i n , A n ) (|2.6|) due to (|3.1|l have the form 



<p n (x,y,t) = 2|A„| + (iV n r-K*), »=1,...,#, (3.4) 

here r = (x,y), N n are unit vectors of normals to lines of constant values of phases 
(p n (x,y,t) and V n are corresponding velocities of one-line solitons 

Mwra)- r --n( u!i! sr)'" rt »-»....,*.<«> 

For the cases of nonlinear superpositions (|2.13|) (iV = 2), (12.14)) and (|2.18j) 
(N 2) of exact solutions of the type (13.31) the conditions (I2.12j) for discrete spectral 
parameters (/i n , A„), (n > 1) due to ()3.1|i lead to following parametrization of (fi n , A„) 

Mn = «7"n 1 Mi) A n = ir„Ai, n = 2,...,N (3.6) 

with arbitrary real constants r n . Nonsingular two-line soliton solution characterized 
by two pairs of discrete spectral variables (/xi,Ai) and due to (|2.13[) . (|3.1|) . 

(pHj) and (J57B]) takes the form 

* *> = - £+ 1 («. », *) = - e +E - j fegigs < (3J) 

n=l n =l zcosn 2 

where vS n ' (x, y, t) = —e + u^ n '(x,y,t), (n = 1,2) are one-line soliton solutions of 
the type (|3.3p . the phases tp n (x,y,t), (n = 1,2) under conditions ()3.6|) are given by 
(|3.4[) . Due to expressions for vectors of normals (|3.5[) and parametrization (|3.6[) it 
is evident that solitons and u^ 2 ) of superposition (13.71) move in the plane (x, y) 
perpendicularly to each other. 

One of two one-line solitons or u^ 1 (not both) of superposition l|3.7[) due to 
l|3.5|) and (|3.6p can be "stopped", i. e. by special choice of spectral parameter Ai one 
can take ones of velocities V\ = or V2 = equal to zero. For example one can choose 
V% = 0, this achieves by the use of l|3.5l) and (|3.6I) for Ai satisfying to condition 



«;A?+7tA? = 0. (3.8) 

It was shown in the papers that the limiting procedure for calculation of 

exact solutions u of VN equation with zero asymptotic values at infinity uL^p^^ = 
— e — > (9-dressing on zero energy level) can be defined by the following way 

e -> 0, n n -> 0, — -> -A„ ^ 0, n = 1, . . . , iV. (3.9) 



It is assumed that under procedure (|3.9[) the relations A„ = fr n Ai from (|3.6[) remain 
to be valid. 

In the limit (13.91) two-line soliton solution (|3.7p converts to linear superposition 



of two one-line solitons u^}q and u^ 

u^Jx,y,t) = 5 |A " [2 Ty~T , n = l,2 (3.11) 

e -° V ' 2 cosh 2 &fef^ 1 ' 

with phases (p n (x,y,t) given due to (I3.4p and (I3.9[) by formulas 
^„( i r,y,t)=2|A n |(iV„r'-y„t), iV„ = (j^, p^Y n = l,2. (3.12) 

Here r = (a;, y), iV n are unit vectors of normals to lines of constant values of phases 
tp n (x,y,t); V n are corresponding velocities of one-line solitons 

Im(«Aj) MkA|) T 2 3 Re( K Aj) 



derived by the use of (|3. 51) . (|3.6p and (|3.9p . By special choice of spectral parameter 
Ai one of two one-line solitons u^. or u^2 (not both) in linear superposition p.!0[) 
can be " stopped" . 

The solution in the form of another nonlinear superposition of N ^ 2 one-line 
solitons p.3[) is given by (12. 14)) with parameters a n , (/i„, A„) and s„ satisfying to p.l[) , 
dHU), the conditions ([2~T2"|) or ^310) and (|2TT5|) also must be fulfilled. The condition 
(|2.15l) due to (|3.ip leads to relation 

kA? + kA? = 0, (3.14) 
so the solution (12. 14)) takes the following real form 

I \ 1 2 ^ I \ 12 

ufx, y, t) = —e H — 7 — — h > 5 ? — r— 7 — (3.15) 

2 cosh 2 ^(*>yf+<Poi ^ 2 2 cosh 2 <M*-«>+*°- 

with phases </?n JUS]), (|2~T7)) are given due to (|3. ip . (J372]) and (|3. 61) . (13. 14)) by 

expressions 

<pi(x,y,t) = 2|A a | (l + p^p) (Mr-Vit), y) = 2|A X | fr„ + (iV 2 f).(3.16) 

In formulas (|3.16p n = 2, . . . , N, ? = (x, y); the unit vectors of normals N\, N2 and 
velocity V\ are given by following formulas 

N-( XllXlR \ N-( XlR XlI \ V. (l I < e ~^ 2 A foi 7 l 

Nl -{ww\)' ^-IwwiJ' iaxi- J- (3 - 17) 

One-line soliton (x , y , t) = —e + u^(x,y,t) of nonlinear superposition (|3. 151) due 
to (13.161) and (|3.17p moves in the plane (x, y) perpendicularly to others stationary 
solitons u( n \x, y) = — e+ u^"^(a;, y), (n = 2, . . . , N) of this superposition with parallel 
lines of constant values of phases tp n (x,y). Evidently particular case of (|3.7p with 
V-x = due to (|3.8p and (|3.14p coincides with two-line soliton (for N — 2) nonlinear 
superposition (|3.15p . 

In the limit e — > following to the rules ()3.9p . under requirement that relations 
A„ = ir n Xi from (|3.6p and (|3.14p remain to be valid, we obtain from (|3.15p linear 
superposition of ./V one-line solitons 

N |A I 2 N |A | 2 
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here the phases (p n given by expressions 

<p 1 (x,y,t) = 2\X 1 \\N 1 f-—^t\, <p n (x,y) = 2r n \\ 1 \(N a i f ), n = 2,...,N (3.19) 

are obtained from phases <p n Q3.16P in limit e — > (|3 ,9|) . The first one-line soliton 
u^ (:r, y, t) from linear superposition (|3.18p moves with velocity V\ = i^j in the 
plane (x,y) perpendicularly to other (N — 1) stationary one-line solitons u£} Q (x,y). 

One can prove also that the subsums of arbitrary numbers of solitons u2=o> 
(n = 1, . . . , N) from (13. 18)) are also solutions of VN equation. The set of such solutions 
can be divided in two subsets: subset of nonstationary linear superpositions (with 
the first moving line soliton u£i (x,y,t) in the sum) of line solitons and subset of 
stationary linear superpositions (without moving line soliton u^2 (x,y,t) in the sum) 
of stationary line solitons. 



4. Linear superpositions of plane wave type periodic solutions for 
Veselov-Novikov equation 

Multi-line soliton solutions are calculated in preceding section by imposing reality 
condition ii = «on complex solutions (|2.8[) , (|2 . 13[) . (|2.14j) and (|2.18l) with additional 
assumption of real phases AF(/i n ,A„) = AF(^„,A„) (|2.6[) . In contrast the 
application of reality condition u — u with assumption of pure imaginary phases 
AF(/x n ,A n ) = — AF(/x n ,A„) (|2.6p leads to plane wave type periodic solutions and 
their's superpositions. 

Plane wave type solutions can be obtained by this way for example by the 
following choice of parameters a n , (//„, A„) and s„ in (|2.3I) - (|2.18[) [22II24] : 

An - /in eiargan] Sn = _ ie iarga„ sign f K ~ »n \ _ n = ^ ^ (41) 

\ An + Mn / 



A n + Hn 



A n 

Simple plane wave type periodic solution corresponding to one arbitrary pair of 
spectral variables (jU„,A n ), (n = 1, ...,N), due to (|2.8jl and f|4. 1 [) takes the form 

«<">(*, y,t) = -e + u^(x,y,t) = -e ^ r> ( 4 -2) 

2cos 2 ( ' p " (a: ^ 9 )+arsa " Tf 



where sign "— " correspond to case of |A„| > \/i n \ and sign "+" - case of |A n | < |/i n |- 
The real phases <p n (x,y,t) :— —iAF(fx n ,X n ) in (|4.2[) due to ()2.6[) and (|4.ip are given 
by expressions 



V j»(x,y,t) = 2|A n | |^— p - lj (N n r-V n t), n=l,...,N. (4.3) 

In (|4.2p . (|4.3p r = (x,y); N n are unit vectors of normals to lines of constant values of 
phases ip n (x,y,t) and velocities V„ of periodic solutions are given by expressions: 

»• - (fer- -ra) ' = -ra t 1 + tt 1 ) - ■ ■ ■ (4 - 4) 

Using general formulas (|2 . 1 3|) and (|2.14p we also construct nonlinear 
superpositions of simple wave type periodic solutions of the type (|4.2p . The conditions 
(|2.12p for discrete spectral parameters (/in,An), (n > 1) in nonlinear superpositions 



(|2.13j) and (12. 14)) due to (|4.1[) in considered case lead to following parametrization of 

{fJ>ni \i) 

X n =iT n X 1 , n n = it~ x Hi, n = 2,...,N (4.5) 

with arbitrary real constants t„ . Nonlinear superposition (|2 . 13[) of two simple plane 
wave type periodic solutions of the type (|4.2I) due to (|4.1[) and (|4.5I) takes the form 



u(x, y, t) = -e + £ fiW (x, y ,t) = -e-Y j ^ f" 1 ' -, (4.0, 

n—1 n—1 ^ LtJb 1 2 "I" 4 

where sign "— " correspond to case of |A„ > \fj, n \ and sign "+" - case of |A„| < |/i n |. 
The phases (p n (x,y,t) in solution (|4.6|) are given by (|4.3[) with parametrization (I4.5[) . 
Due to expressions for vectors of normals (|4.4[) and to parametrization (14.5[) it is 
evident that lines of constant values of phases tp n (x,y,t),(n = 1,2) for solutions 
u' 1 ) = — e + u^ 1 ) and u' 2 ) = — e + u*- 2 ^ of superposition (|4.6|) move perpendicularly to 
each other. 

One of two simple plane wave type periodic solutions vP^ or vP"' (not both) of 
superposition (|4.6[) due to (14.41) and (|4.5|) can be made stationary, i. e. by special 
choice of spectral parameter Ai one can take ones of velocities V\ = or V-z = equal 
to zero. For example one can choose Vi — 0, this achieves due to (|4.4[) and ()4.5|) for 
Ai satisfying to condition 

kA? - kA7 3 = 0. (4.7) 

It was shown in the papers [22j[24] that the limiting procedure of calculation of 
exact solutions u of VN equation with zero values of parameter e = (3-dressing on 
zero energy level) can be defined by the following way 

e^O, M«->0, — ^A n ^0, n = l,...,N. (4.8) 

[In 

Such procedure is applicable also in considered case of plane wave type solutions 
and their's superpositions. It is assumed that under procedure (I4.8|) the relations 
A„ = iT n \i from (|4. 5[) remain to be valid. 

In the limit (|4.8I) nonlinear superposition (|4.6|) of two plane wave type periodic 
solutions converts to linear superposition 

«(*, y, t) = u ( V + u^ = - V , : - |A "f (4.9) 

£ "° e "° r tl2cos 2 ( y " ( ^^ 2 )+arsa " 1 



of two periodic solitons u[]} and ufl Q 



ulJ Q {x,y,t) = 



71=1,2, (4.10) 



2 cos 2 ^»^.».0+"s°n _^ 

the phases tp n (x,y,t) in P~TU1) are given due to (|4.3p and (|4.8p by formulas 

(? n (o;,y ) t) = -2|A n |(iV n f-V n t), iV n = (j^ ~^r) , n=l,2, (4.11) 

here r = (x,y); N n are unit vectors of normals to lines of constant values of phases 
tp n (x,y,t). The corresponding velocities V n of simple plane wave type periodic 
solutions (14.10)) 

Re( K \l) ReQa|) r 2 3 Im( K Af) 

\*A I a 2 | N|Ai| 
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are derived by the use of (|4.4p . (|4.5|) and (|4.8I) . By special choice of spectral 
parameter Ai one of two of these periodic solutions, u[]l or u^l (not both), in 



linear superposition (|4.9|) can be made stationary. 

The solution in the form of another nonlinear superposition of N ^ 2 simple plane 
wave type periodic solutions (|4.2[) is given by (|2.14l) with parameters a„, (/i„, A„) and 
s n satisfying to (|4.1[) . the conditions (|2. 12|) or (|4.5|) and (|2. 15|) also must be fulfilled. 
The condition (|2.15[) due to (14.11) transforms into following 

KA?-7«Af = 0, (4.13) 
so the solution (|2 . 14[) takes the form 

\ |2 W |\ 12 

u (a; y t) = -e 1 1 ~ Ml V 1 " (4 14) 

2cos 2 rvi^v,t)+,r Sai T ^ ^2cos 2 ( y "^ 2 +argo " Tf)' 

where sign "— " correspond to case of |A„| > \/i n \ and sign "+" - case of |A„| < 

n = l,...,N. The phases <p„ (|2~T6|) . (|2T71) in superposition (jllT) due to (|4TT|) and 

(|4.5p . (|4.13l) are given by expressions 

y> 1 (x,y,t) = 2\\ 1 \ (p^p - 1 ) (^i**-^i*).Vn(a!,!/) = 2|Ai| (rr^ " T ") (^r), (4.15) 

where n = 2, . . . , N, f = (x, y)\ unit vectors N n and velocity V\ are given by following 
formulas 





Ai/\ 




llAil' 


lAilJ 






= hrr.-fri . & = - f^>-f^ . * = i + ^rr^ • (4-16) 



The lines of constant values of phase ipi(x,y,t) of simple periodic solution 
u^'(x,y,t) = — e + (x,y,t) of superposition (|4.14[) move in plane (x,y) 
perpendicularly to parallel lines of constant phases tp n (x,y) of others stationary 
periodic solutions u^(x, y, t) = —e+u( n \x, y, t), (n = 2, . . . , N) of this superposition. 
Evidently particular case of (|4.6p with V 2 — coincides due to (14.71) and (14. 13)) with 
the case TV = 2 of linear superposition (14. 14[) . 

In the limit e — > (9-dressing on zero energy level) following to the rules (|4.8|) . 
with assumption that relations X n — «T n Ai from (|4.5[) and (|4.13p remain to be valid, we 
obtain from (|4. 14|) linear superposition of N simple plane wave type periodic solutions 

N 

u = u { ^l {x,y,t) +^2u^ (x,y) = 



|Ai| 2 , A |A„| 5 



2 cos 2 (*■«■',)+■"* °i _ «.\ ^ 2 cos 2 (2-I»dt 



+arg q„ 



2 



(4.17) 



here phases (p n are obtained from phases tp n f)4. 15[) by setting e = in accordance 
with (|4.8p . these phases have the forms: 



<pi(x,y,t) = -2|A X | fef- , ^ n (x,y) = -2r„|Ai| (iV 2 f) , n = 2,...,iV. (4.18) 

The lines of constant values of phase ifx(x,y,t) of the first periodic solution 
u i=o fr° m linear superposition (|4.17p move with velocity V\ — j^r perpendicularly 
to lines of constant phases ip n {x,y) of (N — 1) other stationary periodic solutions 
u e=0J (n — 2, . . . , N) of this superposition. 
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One can prove also that the subsums of arbitrary numbers of solutions u^J , 
(n = 1, . . . , N) from (14. 17)) are also solutions of VN equation. So the set of constructed 
in present section solutions can be divided in two subsets: subset of nonstationary 
linear superpositions (with the first moving line soliton u£l (x,y,t) m the sum) and 

subset of stationary linear superpositions (without moving line soliton u£l (x,y,t) in 
the sum). 
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